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ABSTRACT: Nonlinear numerical analysis predicts that when a uniformly oriented nematic polymer, placed
between parallel isotropic untreated surfaces, is subjected to a sufficiently strong magnetic field normal to
the initial polymer orientation, a transient periodic pattern develops. The transient nematic polymerorientation
at the surface is found from the Euler-Lagrange equation for surface motion. The dynamics of the polymer
at the surface is characterized by the ratio of the surface—polymer characteristic time to the bulk characteristic
time, B. The actual response is limited by that of an orientational free surface (B = 0) and that of fixed
polymer surface orientation (B = =). The magnitude of B has no effect on the field dependence of the
observed wavelength. In the high-field regime, the dynamics of the velocity and bulk orientation and the
final polymer orientation are independent of B. In the low-field regime, the dynamics of the velocity and
bulk orientation, the strength of the flows, and the final polymer orientation are strongly dependent on B.

1. Introduction

Nematic polymers are characterized by the high ani-
sotropy of their viscoelastic properties. A consequence of
this anisotropy is the presence of transient periodic
textures during the decay from an unstable state.l® For
example, when a nematic polymer is subjected to a
magnetic field normal to the initial average molecular
orientation, described by the director n, the fastest
decrease of the magnetic energy results in transient banded
textures when viewed with a microscope between crossed
polarizers.

In this paper, we analyze the planar periodic twist
magnetic instability that is observed* when a nematic
polymer, placed between two thinly spaced parallel, un-
treated, glass plates and with the director parallel to the
surfaces and aligned in one direction, is subjected to a
sufficiently strong magnetic field normal to the initial
orientation; when the sample is observed between cross
polars, a periodic pattern consisting of dark bands
separated by light bright bands develops, and the sepa-
ration between the dark bands is the half-wavelength of
the periodic pattern. We restrict our attention to rigid,
rodlike, nematic liquid-crystalline polymers of positive
anisotropic magneticsusceptibility and to the case in which
thedirector orients in the direction of the field but remains
at all times parallel to the bounding surfaces; other non-
planar complex textures that have been reported5® are
beyond the scope of this paper. The wavelength of the
transient periodic pattern that develops depends on the
cell spacing, the magnetic field strength, the viscoelastic
properties of the nematic polymer, and the surface
condition. The linear analysis of the planar periodic twist
magnetic instability for fixed director orientation at the
surfaces was given by Lonberg and Meyer” and the cor-
responding nonlinear numerical analysis by Rey and
Denn.g It has been shown’ that the transient periodic
response is due to strong coupling between director re-
orientation and fluid flow, in which opposed rotating
domains produce shear flows characterized by lower
viscosities than that involved in purerotation. The viscous
mechanism favors short wavelengths, while the elastic
response favors longer wavelengths. The competing effects
find an optimal balance, at which the total free energy
decreases fastest. The instability has been studied ex-
perimentally for a series of nematic polymers in cells
without4-® and with surface treatment.2? A quantitative
comparison between numerical nonlinear analysis and
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experiments, using poly(benzyl glutamate) (PBG) as a
model compound, and a surface treatment that produces
parallel fixed surface director orientation is given by Sra-
jer et al.? They show that for a given field intensity the
experimentally observed wavelength is longer than that
predicted by the linear theory but is in excellent agreement
with that predicted by the nonlinear numerical analysis;
the discrepancy is large at high fields but decreases with
decreasing field strengths. Finchert performed an ex-
perimental study of the planar periodic twist instability
using poly(1,4-benzamide) (PBA) and thinly spaced (25-
1000-um) untreated glass surfaces. He shows that there
is a large discrepancy at high field strengths from the
magnetic field-wavelength scaling predicted by the linear
theory” but good agreement at low fields. Since it is not
known a priori if the reported discrepancy? is due to the
neglected nonlinearities or to existing surface—polymer
interactions, it is necessary to perform a nonlinear
numerical analysis using time-dependent director bound-
ary conditions, appropriate for the case of untreated
isotropic surfaces. Furthermore, if the instability is to be
used to measure, with any degree of accuracy, some of the
viscoelastic properties of nematic polymers, we should
know the effects of the polymer—surface interaction on
the dynamics of the director and velocity field when using
untreated surfaces.

The static interaction between a nematic liquid crystal
and the bounding surfaces can be described macroscop-
ically by a surface free energy composed of a surface
deformation energy due to director gradients and a
coupling energy of the director at the interface.l® The
surface deformation energy arises due to director surface
gradients and is introduced by surface elastic constants.
The coupling energy is the part of the surface energy that
depends on the director orientation with respect to the
easy axis of the surface; the direction of the easy axis
depends on the specific liquid crystal-surface system and
on the surface treatment.!® When the director is aligned
with the easy axis, the coupling energy is a minimum; the
anchoring strength W is the coefficient introducing the
coupling energy.!! When W= =, the director aligns along
the easy axis (strong anchoring), while for finite W the
time-dependent director orientation is the solution to the
balance of surface elastic and viscous torques. The elastic
torques at the surface appear due to bulk distortions
impressed onto the surface, deviations from the easy axis
of the surface, and director surface gradients. Viscous
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Table I
Physical Constants for PBG?

Viscosities, P

% ~47.24
a -69.2
a3 0.18
[+ 7] 3.48
ag 66.1
ag -2.92
Y1 =az=- oy 69.3
Y2 = ag~as -69.03
Elastic Constants, 107 dyn
Kn 12.1
Kqo 0.78
Kss 7.63

¢ Estimated by using the Marruci hard rod theory?! with an order
parameter S = 0.8,

surface torques appear due to the transient director re-
orientation at the surface and are introduced by surface
viscosities. Dissipative interactions between a rotating
director and the surface have already been formulated.1213

For entropicreasons, the planar alignment of the director
at a surface has been shown to be the most likely for high
molecular weight nematics.!4 This appears to be the case
for PBA41616 and for poly(1,4-phenylene-2,6-benzobis(thi-
azole)) (PBT)3, although it is not for poly(benzyl L-glu-
tamate) (PBLG).!” Since we are restricting the analysis
to the planar periodic twist instability with untreated
isotropic surfaces, we shall assume that any direction
contained by the surface is an easy axis.* Therefore, no
contribution from the surface coupling energy is consid-
ered. Weneglect surface deformation energy contributions
since there are no experimental reports, to the author
knowledge, of its existence for nematic polymers. With
these two assumptions, the transient director surface
orientation is given by a balance of elastic torques from
bulk deformations and viscous surface torques about an
axis normal to the surface. At the surface, the director is
undergoing rotations (orientational slip) but without
positional displacements (no positional slip). The time
scale of surface reorientation depends partly on the
magnitude of the surface viscosities; the two limiting cases
correspond to zero surface viscosity (orientational free
surface) and infinite surface viscosity (fixed surface
orientation). The questions to be answered in this work
are how does the wavelength selection, the dynamics of
the director and velocity fields, and the final state of the
system change as we let the surface viscosity sample the
range limited by the two cases mentioned above.

The purpose of these paper is (i) to derive the time-
dependent boundary conditions for the director of a rigid-
rod nematic polymer undergoing the planar periodic twist
instability with untreated isotropic bounding surfaces, (ii)
topresent the predictions of a numerical nonlinear analysis
using (i), and (iii) to provide an explanation for the dis-
crepancy reported by Fincher.4

2, Balance Equations and Boundary Conditions

The periodic twist instability is best described in Car-
tesian coordinates (x’,y’,2’); see Figure 1. The computa-
tional cell consist of two parallel bounding surfaces
separated by a distance D along the y’ direction and two
vertical nematic surfaces separated by a distance L, the
half-wavelength of the periodic pattern, along the 2’
direction. Theinitial director fieldisn(y’,z’,t’=0) = (0,0,1),
and at time ¢’ = 0, a field of sufficient strength is applied
normal to the initial director orientation, H = (H,0,0).
The kinematics of the periodic response is described by
the director field n(y’,2’,t") = (sin 6,0,cos 6), and the re-
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Figure 1. Schematic diagram of the nematic polymer cell at ¢’
= 0 and definition of the coordinates. The applied field is in the
x’ direction. Cell surfaces are at y’ = 0 and D.

orientation driven flow field v(y’,2’,t') = (u’,0,0). Since
the detailed derivation has been given,? here we present
the final expressions for the balance equations. The
dimensionless angular and linear momentum balance
equations are

h36\2 8% 299 _30 1 _ou
5 az) +haz2+K22A #y O 2(}\0050 1) az+
%sin20=0 (1)
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Here

h = [K,, sin® 8 + K, cos® 8]/ (x H?L);
W = [K,, ~ Ky,] sin 20/(x,H?L? (3)

Ry = Ko/ (x,H'L?); u = u'v,/(x,H'L);
t=t'(x,H)/vy; 2=2/L; y=y/D; A=L/D (4)

n=0/v, 1=1,.,6, A=,/ )

where the {n;}, i = 1, ..., 6, tabulated in the Appendix, are
functions of the director orientation and the six Leslie
torque coefficients, v, and v; are the rotational and ir-
rotational torque coefficients, x, is anisotropic magnetic
susceptibility, and the {K;}, i = 1-3, are the Frank elastic
coefficients for splay, twist, and bend, respectively.!!

In analogy with bulk motion,!® assuming the no posi-
tional slip condition (v = 0) at the surface, the Euler-
Lagrange equation of surface motion of the director is, for
the present case,

oR*

—+®,=0 (6)

96
where Re is the surface Rayleigh dissipation function, 6
(director orientation) is the only generalized coordinate,
and &; is the generalized elastic force; a superposed dot
denotes time differentiation. dR®/d8isthe frictional force
and is a linear function of the velocities.!8 Therefore, R*
is chosen as

s Ao Lo A
R=—2—(n,+n,)=§0 D
where At is the surface viscosity for surface planar director
reorientations. The frictional force acting on the director
due to orientational slip is

AR*/30 = \*% 8)

The elastic force &y is obtained from the surface contri-
bution to the variation of the total elastic free energy of
the system.’® For the present geometry, the total free
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energy F, neglecting kinetic (ov? = 0) and surface energies

contributions, in a volume V’ of nematic polymer under
the presence of a magnetic field, is!!

( 9 aa) fv'A( 88 iq)dV’=

'6y"dz' "9y”"02’
S o{aogr2d) + Aa0) AV @)
A=A+ A, (9b)

Sl (300 L oo 2 (012
A = 2K22 (ay’) + 2(K11 sin® 8 + Kj, cos 0)(62’) (9¢c)
Ay = - X, H? sin? 0 9d)

where A, A, and Ay, are the total free-energy density, the
elastic free-energy density due to bulk deformations, and
the magnetic free-energy density, respectively. In the
Appendix, we show that the saddle-splay contribution to
elastic free-energy density A, is zero for the present case.
The variation of F is

oF = fv, ao+—aa ]dV’ (10)

where a comma denotes partlal dlfferentlatlon andi=x/,
¥y, 2’. Using the Gauss theorem, 6F becomes

oF = fv, 2598 az(aa;)‘”]dv'* fS'[ae yao](ag;

where v is the outward unit normal vector to the enclosing
surface S’ of volume V’. The generalized elastic forces &,
due to bulk deformations, at the two bounding surfaces,
are given by

o = 9A, - W LK (12)
*T 8(36/30) © 508 Jay) om ay
where the + (=) refers to the top surface (bottom surface)
located aty’ = D (¥’ = 0). Finally,the dimensionless Euler-
Lagrange equation (eq 6) for the transient director upper
(¥ = 1) and lower (y = 0) surface orientation becomes

3 _ 0 _
Frie 3y at y=1, 0251 (13a)
B@-@ at y=0, 0z<1 (13b)
dy
Here
D¢ Ay
K ) \5i2) ="/

is the ratio of the bounding surface-polymer interface
characteristic time 75 and the bulk characteristic time 7°
for director reorientation. Since bulk deformations are
driving the surface deformations, when B < 1 the actual
time scale for surface director reorientation is bounded by
b, For a finite H, there are three representative cases:
(1) B = 0 corresponds to an orientational free surface for
which 6/dy = 0, (2) B = 1 shows the case when the two
time scales may be equal, (3) B = « corresponds to the
case of fixed director orientation since 9/8t = 0 and the
director will retain the initial orientation. Since there are
no reports in the literature, to the author’s knowledge, on
surface viscosities of nematic polymers on glass plates, a
parametric study of the three cases seems appropriate.
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We nevertheless may expect that, for actual rigid rodlike
nematic polymers, isotropir glass surfaces, and finite fields,
1 < B« =,

Equations 1 and 2 are solved with the following boundary
conditions: (13a), (13b), and

80/9z=0 at 0<y=<1, z=0 (15a)
00/9z=0 at 0<y<1, z=1 (15b)
u=0 at y=0, 05z<51 (15¢)
u=0at y=1, 0z<1 (15d)
u=0 at 0<sy=<1, z2=0 (15e)
u=0 at 0<y=<1, z=1 (159)

using Galerkin finite elements with bilinear basis functions
over 10 elements in each coordinate. The time integration
scheme was a first-order implicit Euler predictor-corrector
method.2 The material constants used are shown in Table
I and are those of poly(y-benzyl glutamate)? except o,
which was estimated by using Marruci’s hard rod theory;?2!
the magnetic susceptibility x, = 7.19 X 1079 emu/mol,%?
the cell thickness is D = 0.005 cm.

3. Numerical Results

Parametric studies were performed for different surfaces
(B), field intensities (H), and scaled half-wavelengths (A
= L/D); for given H and B, we studied the evolution of
n and v for various values of A. The minimum field
intensity for the planar periodic twist instability? is H* =
1 + Kaz04v1/209%K 23, which for the present case gives H*
= 2.068 X 103 G. In this paper, we present the results for
the two representative cases, H = 1.12H* = 2,31 X 103
(low-field long-wavelength regime) and H = 3.44H* = 7,12
X 108 G (high-field short-wavelength regime), and for the
three representative surface conditions, B = 10~ (orien-
tational free surface), B = 1 (equal surface and bulk
characteristic times), and B = 10° (fixed director orien-
tation). Forthe chosen computational cell, the amplitudes
of the director and dimensionless velocity are given by
6(0.5,0) and 1(0.5,0.5). The response for each H and B is
compared with that of the linear mode, which is obtained
by solving the nonlinear boundary value problem stated
above, with the value of A obtained from the linear theory.2

3.1. High-Field Short-Wavelength Regime. The
director orientation (0.5, 0) as a function of time is shown
in Figure 2, for A = 1.4 (linear theory), 2.0, and 2.5 and
for the three representative surfaces. The corresponding
maximum dimensionless velocity u(0.5,0.5) as a function
of time is shown in Figure 3. The parts of the figure show
that at high fields there is no effect of the surface condition
on the magnitude and dynamics of the director and velocity
amplitudes. This insensitivity to the surface condition
follows from the scaled equations (1) and (2); at high fields
(A= 0), the field variationsin the y direction are negligible
and the bulk response is dominated by gradients in the
z direction; in other words, there is a relative weak
transmission of torques in the y direction when compared
with the transmission in the z direction. The figures show
that the linear mode (full line) is fastest at early times, but
at later times modes of longer wavelength (dashed line)
are faster than the linear mode, in agreement with previous
results.? It is now known? that the selected wavelength
optimizes the kinetic (flow) and thermodynamic (elasticity)
mechanisms at early times but at later times mainly the
thermodynamic one. The figures show that periodic
director reorientations of longer wavelengths are slower
at early times due to weaker flows but faster at later times
due to more director alignment in the direction of the
applied field. If the wavelength is too long (dashed-dot
line), by the time the corresponding mode becomes the
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Figure 2. Orientation 6(0.5, 0) of the director as a function of
time, for B = 105, 1,and 108 H=712X 108 G; (—) A = 14
(linear); (---) A = 2; (—-) A = 2.5,
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Figure 3. Maximum dimensionless velocity ©(0.5,0.5) as a

function of time, for B=10%,1,and 106, H="7.12X 103 G; (—)
A = 14 (linear); (---) A = 2; (=) A = 2.5.

fastest, the pattern is already formed. The pattern that
forms consists of an array of splay-bend inversion walls.®
Therefore, the wavelength switches® from the one given
by the linear theory at early times to the actually observed
longer wavelength that corresponds to the fastest decrease
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Figure 4. Free energy per unit length in the x direction as a
function of time, for B=1. H=712X 103G; (—) A = 14
(linear); (- - -) A = 2; (—-) A = 2.5. The free energies per unit
length in the x direction are normalized with respect to the linear
mode (A = 14). Fz* = 14F2/2, Fz,s* = 14F25/25
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Figure 5. Comparison between representative bulk and surface
director dynamics. Orientation of the director as a function of
time, for A = 2. H = 7.12 X 108 G; (—) bulk director orientation
6(0.5,0), B = 1; (- - -) surface director orientation 6(1,0), B = 1;
() surface director orientation 4(1,0), B = 10-.

in the free energy at the time at which the pattern forms,
The total free energy per unit length in the x direction,!!

F/length = {* {A(%Kzz gg)z)+

-};(%(Ku sin? 0 + K, cos? ) (g—g-)z) dy dz +

1 1)L .

j; j; {-l—'A- - %xﬂH2 sin? 0)} dy dz (16)
for each A is normalized with respect to the linear mode;
i.e., F*su0/length = Fauo/length X 1.4/2, and the results
are plotted as a function of time for B = 1 in Figure 4. In
agreement with Figure 2, the linear mode is faster up to
130 s, at which time the A = 2 mode is able to decrease
the total free energy at a faster rate; therefore, the
wavelength actually observed is longer than that corre-
sponding to the linear mode. Note that the pattern is
essentially formed by the time the A = 2.5 mode becomes
the fastest.

The surface dynamics of the A = 2 mode are summarized
in Figure 5, where we plot the amplitude of the director
field 6(0.5,0) for B = 1 and the director maximum surface
orientation 6(1,0) for B = 1 and 1078 as a function of time.
Even for the case of B = 1076, the reorientation is much
slower at the surface than in the bulk. This again reflects
the fact that there is a weak transmission of torques in the
y direction from the bulk into the surface due to the
relatively small values of A.

The evolution of the director 8(y = 0.5,2) profiles at the
midplane as a function of the dimensionless distance z is
shown in Figure 6, for A = 1.4 and B = 1. The periodic
distortions indicate clockwise director rotations for z <
0.5, and anticlockwise rotations for z > 0.5, Even at long
times, there are strong elastic torques being transmitted
in the z direction since only at 2 = 0 and z = 1 is 96/9z
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Figure 6. Evolution of the director orientation at the center-
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terplane, u(0.5,2),forA=14and B=1. H="712X10G; (—)
time = 47.8 s; (- - -) time = 84 s; () time = 132 s.

=(. The corresponding dimensionless velocity u(y=0.5,2)
profiles are shown in Figure 7. The counterrotating
domains set up the transient flow; its intensity quickly
decays as the magnetic free energy decreases to that of the
elastic free energy.

This section shows that for the high-field regime the
observed wavelength is independent of surface effects, and
that it will be longer than that predicted by the linear
theory, in agreement with the experimental findings,* and
consistent with previous nonlinear analysis.® Furthermore,
the magnitudes and dynamics of the director and velocity
amplitudes are independent of surface effects. Finally,
even for an orientational free surface, the director surface
dynamics are much slower than that of the bulk.

3.2. Low-Field Long-Wavelength Regime. The
director orientation 6(0.5,0) as a function of time is shown
in Figure 8, for A = 20 (linear theory) and A = 30 and for
the three representative surfaces. The corresponding
maximum dimensionless velocity 1(0.5,0.5) as a function
of time is shown in Figure 9. The figures show that at low
fields there is a strong effect of the surface condition on
the magnitudes and dynamics of the director and velocity
amplitudes. The wavelength of the linear mode (A = 20)
is the observed wavelength since for all surface conditions
the amplitude of the director is the largest at all times,
although the differences between the A = 20 and A = 30
modes are very small. The sensitivity to the surface
condition follows from the scaled equations (1) and (2); at
low fields (A = =), there is a relative weak transmission
of torques in the z direction when compared with the
transmission in the y direction. The figures show that the
linear mode (full line) is fastest at all times for all surface
conditions. Theadoption of longer wavelengths to quicken
the decrease of the total free energy is not efficient in this
regime because of the insensitivity to gradient changes in
the z direction. The surface condition has a strong effect
on the evolution and final value of the director amplitude
since by decreasing B we are weakening the predominant
restoring torques in the y direction. Since by decreasing
B the director aligns faster and closer in the direction of
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Figure 8. Orientation 8(0.5,0) of the director as a function of
time, for B =108, 1,and 108 H =231 X 108G;(—) A =20
(linear); (---) A = 30.
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Figure 9. Maximum dimensionless velocity 1(0.5,0.5) as a

function of time, for B=108,1,and 108. H =231 X 103G; (—)
A = 20 (linear); (---) A = 30.

the applied field, the amplitude of the reorientation driven
flows will achieve larger magnitudes at faster rates.
The total free energy per unit length in the x direction
of the linear mode (A = 20) and for the normalized non-
linear mode (A = 30) is plotted in Figure 10 as a function
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Figure 10. Free energy per unit length in the x direction as a
function of time for B = 10%, 1, and 106, H =231 X 103 G; (—)
A = 20 (linear); (- - -) A = 30. The free energy per unit length
in the x direction is normalized with respect to the linear mode
(A = 20): F3* = 20F5/30.
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Figure1l. Comparison between representative bulk and surface
director dynamics. Orientation of the director as a function of
time for B = 1and 108and A = 20; H = 2.31 X 103 G; (—) bulk

d(irector orientation 8(0.5,0); (- - -) surface director orientation
6(1,0).

5

of time, for the three representative surfaces. For each
surface condition, the rate of decay of the free energy is
almost equal for the two modes but is initially slightly
faster for the linear mode. The small difference in total
free energy between the two modes as the system ap-
proaches the steady state is due to a minor further
alignment of the director in the direction of the field in
a thin region centered at z = 0.5; this negligible driving
force will certainly not produce the switch to a longer
wavelength.
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The surface dynamics for the linear mode are summa-
rized in Figure 11, where we plot the director orientation
6(0.5,0) and the director maximum surface orientation 6-
(1,0) as a function of time, for B=1 and B = 10%. The
reorientation surface and bulk time scales are now
equivalent. This again reflects the fact that there is a
strong transmission of torques in the y direction from the
bulk into the surface due to the relative large values of A.
The consequence of orientational slip is that the neigh-
boring domains rotate around the normal to the surfaces
without director gradients in the y direction.

The evolution of the director 8(y=0.5,2) profiles at the
centerplane as a function of the dimensionless distance 2
is shown in Figure 12, for A = 20 and B = 1. The periodic
distortions indicate clockwise director rotations for z <
0.5 and anticlockwise rotations for z > 0.5, but the profiles
are now steplike (compare with Figure 6). The elastic
torques transmitted in the z direction are negligible since
only close to z = 0.5 is 86/dz = 0. The corresponding
dimensionless velocity u(y=0.5,2) profiles are shown in
Figure 13. The counterrotating domains set up a flow
only close to z = 0.5 where 40/9z = 0. This follows from
the dominant terms in the infinity wavelength limit of eq
2:

8% 20%u _

™ 3,0t + ngA o 0 17
where the first term represents the orientational force and
the second term represents the viscous force due to the
reorientation driven flow. Since d6/dz = O only in the
proximity of z = 0.5, u = 0 only in that same region.

This section shows that the observed wavelength in the
low-field regime will be the one predicted by the linear
theory with no dependence on the surface effects, in
agreement with the experimental results.* The magnitude
and dynamics of the director and velocity amplitudes are
strongly dependent on the surface conditions. Strong
transmission of elastic torques in the y direction coupled
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with orientational slip allows for the uniform reorienta-
tionin the vertical direction. Finally, reorientation driven
flows and director gradients in the z direction are present
only in the proximity of z = 0.5.

4. Conclusions

The Euler-Lagrange equation governing the transient
surface director reorientation has been derived for the
periodic twist instability of nematic polymers. For the
studied cell spacing and nematic polymer properties, the
dissipative interaction of the polymer and an isotropic
surface has no effect on the observed wavelength of the
periodic response. At low magnetic field strengths, the
fastest decrease of the free energy of the periodic texture
is that predicted by the linear theory; there is a strong
surface effect on the amplitudes and on the time scale of
the response. At high magnetic field strengths, the
observed wavelength is longer than the one predicted by
the linear theory; the amplitudes and time scales of the
response are independent of surface effects. The predic-
tions of the dependence of the observed wavelength on
magnetic field strength are consistent with reported
experimental results.4
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Appendix
The coefficients {5} = {n//v1), i = 1, ..., 6, in eq 2 are
given by
)/ = ay cos® - a, sin® g

1y’ = —(ay — a3) sin 26

Ny = %(oz3 + ag) sin 26

n/ = %al sin 46 + %(% + a,) sin 26

ns = %al(sin 20)% + %cg + —21-(a5 — ay) cos® 6 +

%(oz3 + ag) sin® 4

The contribution of the saddle splay to the free energy
density is?3

Ap=(Kyp+Kp)V-nVen+n XV xn] (A1)

Using the relations n.2 + n,2 = 1, n,, = n,b,, n,; = n,b;,,
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Nay = —Naby, Nzz = —Ny6,, 6 = 6(y,2), we obtain

MVn+nXVxM=—£i (A.2)

whereiis the unit vector in the x direction. It follows that
Agp = 0 since 8(-80/9z) /dx = 0.
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